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Ginzburg-Landau modela b s t r a c t
The paper presents an investigation of a weakly non-linear stability analysis of thermal convection in a
porous medium using the Lorenz model. The Ginzburg-Landau model is then obtained from the Lorenz
model using which an expression for Nusselt number, Nu, is obtained in closed form. Such a procedure
of obtaining an analytical solution is reported for the first time in the literature. It is found that heat
source enhances amount of heat transport whereas heat sink diminishes the same. The influence of
the thermal and mechanical anisotropies on Nu is to oppose each other in the case of both heat source
and heat sink. It is observed that the anisotropic effects are prevalent only for short time whereas heat
source(sink) has a sustained influence. Several limiting cases are obtained from the present study.
 2016 Ain Shams University. Production and hosting by Elsevier B.V. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Understanding the convective instability in a fluid-saturated
porous layer subjected to various additional effects has been given
a great deal of effort due to its applications in a variety of engineer-
ing and geophysical problems, energy storage applications, oil
recovery process in petroleum industry and others. One of the
effective mechanisms of controlling convective instability is by
maintaining a non-uniform temperature gradient across the fluid
layer. Such a temperature gradient can be generated by uniformly
distributed internal heat sources or by injecting the fluid at one of
the boundaries and removal of the fluid at the other, called
throughflow, or by uniform heating or cooling at the boundaries.
The study of natural convection in a porous medium has been
understood and well documented in the works of Kaviany [18],
Ingham and Pop [14], Vafai [46], Crolet [10], Straughan [39], Nield
and Bejan [22] and Vadasz [43] and Rees [27].
Somerton et al. [37] studied natural convection in a volumetri-
cally heated porous layer. Convection in a porous medium with
internal heat source and variable gravity effects were analyzedby Rionero and Straughan [29]. Rao and Wang [26] studied natural
convection in vertical porous enclosures with internal heat gener-
ation. Rees and Pop [28] investigated free convection induced by a
vertical wavy surface with uniform heat flux in a porous medium.
Coriolis effect on free convection in a long rotating porous box sub-
ject to uniform heat generation was investigated by Vadasz [41].
Thermal instability in an anisotropic porous medium with internal
heat source and inclined temperature gradient was analyzed by
Parthiban and Patil [24]. Free convection in a porous medium
was analyzed by Vadasz [42]. Khalili and Shivakumara [19] inves-
tigated the onset of convection in a horizontal, isotropic porous
layer including the effects of through-flow and a uniformly dis-
tributed internal heat generation for different types of hydrody-
namic boundary conditions. Vadasz and Olek [45] studied the
route to chaos for moderate Prandtl number convection in a porous
layer heated from below. Onset of convection in a porous media
with internal heat source and variable gravity was investigated
by Herron [13]. Khalili et al. [20] studied the convective instabili-
ties caused by a non-uniform temperature gradient due to vertical
throughflow and internal heat generation in an anisotropic porous
layer. Natural convection in a cavity with volumetric heat genera-
tion was investigated analytically by Joshi et al. [17] and Grosnan
et al. [12]. Barletta et al. [4] conducted a linear stability analysis
of the onset of convection in a porous layer induced by viscous dis-
sipation. Influence of Darcy number on the onset of convection in ay med-
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Borujerdi et al. [23]. Cookey et al. [15] investigated the onset of
thermal instability in a low Prandtl number fluid with internal heat
source in a porous medium. Analytical prediction of the transition
to chaos in Lorenz equations was studied by Vadasz [44] and Jaw-
dat and Hashim [16]. Natural convection in a rotating anisotropic
porous layer with internal heat generation was studied by Bhadau-
ria et al. [6]. Bhadauria [5] investigated double diffusive convection
in a saturated anisotropic porous layer with internal heat source.
Ginzburg-Landau equation is one of the most studied equations
due to its application in explaining non-linear phenomenon. Sid-
dheshwar [31] obtained a series solution for the Ginzburg-
Landau equation with a time-periodic coefficient. Siddheshwar
et al. [36] analyzed the heat transport in Bénard-Darcy convection
with g-jitter and thermo-mechanical anisotropy in variable viscos-
ity liquids using the Ginzburg-Landau model. Heat transport in a
porous medium under g-jitter and internal heating effects was
studied by Bhadauria et al. [7]. Alok et al. [8] extended the study
of Bhadauria et al. [7] by considering the variable viscosity liquid.
There are many other areas in which Ginzburg-Landau model
appears (Barba-Ortega et al. [1–3].
Non-linear convection in porous media was extensively
reviewed by Rudraiah et al. [30]. The study of finite amplitude con-
vection [47], using a truncated Fourier representation, has gained
momentum in recent years owing to its simplicity of approach in
handling a non-linear problem. We note that the study of finite
amplitude Rayleigh-Bénard convection in an anisotropic porous
medium with internal heat generation by means of a minimal
Fourier series representation does not seem to have been under-
taken. Accordingly, we study this aspect in the paper and obtain
Ginzburg-Landau equation by Lorenz model.2. Mathematical formulation
An infinite extent horizontal porous layer of thickness d, whose
lower and upper bounding planes are at z ¼ 0 and z ¼ d, respec-
tively is considered. The porous layer is saturated by a viscous,
Newtonian liquid. The upper and lower boundaries are maintained
at constant temperatures T0 and T0 þ DT (DT > 0) respectively.
Further, the porous medium is supposed to be anisotropic, and
Darcy law and the Oberbeck-Boussinesq approximation [25] are
taken to be applicable. For mathematical tractability we confine
ourselves to two-dimensional rolls so that all physical quantities
are independent of y, a horizontal co-ordinate. The boundaries
are assumed to be free and perfect conductors of heat. In this paper
we assume the dynamic coefficient of viscosity, l and thermal dif-
fusivity, v to be constants. Heat source is assumed to be
temperature-dependent in the problem. The governing equations
describing the Rayleigh-Bénard instability situation of a constant
viscosity Newtonian fluid in an anisotropic porous medium are:
Conservation of mass



















þ q! rT ¼ r  ½~vrT þ QðT  T0Þ; ð3Þ
Equation of state
q ¼ q0½1 bðT  T0Þ; ð4ÞPlease cite this article in press as: Siddheshwar PG, Vanishree RK. Lorenz and G
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! ¼ ðu;0;wÞ is the velocity vector, p is the pressure, / is the
porosity of the porous medium, q and qR are the density and refer-
ence density of the fluid, respectively, p is hydrodynamic pressure,
g
! ¼ ð0;0;gÞ is the gravitational force, lf and lp are the dynamic
viscosities of the fluid and the porous medium, respectively,
~k ¼ k1x i^^iþ k1z k^k^ is the permeability tensor, T is the temperature,
~v ¼ vhi^^iþ vv k^k^ is the thermal diffusivity tensor, Q(T) is the temper-
ature dependent heat source, t is the time and b is the coefficient of
thermal expansion.
Taking the velocity, temperature and density fields in the quies-
cent basic state to be qbðzÞ ¼ ð0;0Þ; TbðzÞ and qbðzÞ, we obtain the
quiescent state solution in the form:
qb ¼ ð0;0Þ
Tb ¼ T0 þ DTf zd
 
qb zd













p and C1 is the constant of integration. On the
quiescent basic state we superimpose perturbation in the form:
q ¼ qb þ q0
T ¼ Tb zd
 þ T 0
q ¼ qb zd
 þ q0





where the prime indicates a perturbed quantity. Since we consider
only two-dimensional disturbances, we introduce stream function







These satisfy Eq. (1) in the perturbed state. Eliminating the pressure
in Eq. (2), incorporating the quiescent state solution and non-
dimensionalizing the resulting equations as well as Eq. (3) using
the following definition














































þ RIHþ JðW;HÞ; ð10Þ
where Pr ¼ mUkv is the Prandtl number, Da
1 ¼ d2kv is the inverse Darcy
number,  ¼ khkv ;g ¼
jh
jv
are the mechanical and thermal anisotropy




external Rayleigh number, RI ¼ Qd
2
vv
is the internal Rayleigh number,
s is the slow time scale, w is the dimensional stream function, H is
the non-dimensional temperature and J is the Jacobian. The local
acceleration term is retained in Eq. (9) as per the arguments put
forth by Suthar et al. [40].
The non-dimensional parameters appearing in Eqs. (9) and (10)
are as defined in the nomenclature.




¼ H ¼ 0 at Z ¼ 0;1: ð11Þinzburg-Landau equations for thermal convection in a high-porosity med-
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which is of great utility in the local nonlinear stability analysis to
be discussed further on.3. Linear stability theory
In order to study the linear theory we consider the linear ver-
sion of Eqs. (9) and (10) and assume the solutions to be periodic
waves of the form [9]





ðk22  RIÞW0ers sinpacX sinpZ








;; ð12ÞFig. 2. Phase-space plots involving the amplitudes
Fig. 1. Schematic of the flow configuration.
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W is the dimensionless stream function, r is the growth rate
and rE ¼ REREc is the scaled thermal Rayleigh number
REc ¼ ðKk
4 þ Da1k21Þðk22  RIÞð4p2  RIÞ
4p4a2
; ð13Þk2 ¼ p2ð1þ a2c Þ,
k21 ¼ p2ðe1 þ a2c Þ and
k22 ¼ p2ð1þ ga2c Þ;a is the wave number.
Eq. (13) is the critical value of RE discussed later in the section.
The normal mode solution (12) satisfies the boundary conditions in
Eq. (11). In Eq. (12), pac is the horizontal wave number. The quan-
tities W0 and H0 are, respectively, amplitudes of the stream func-
tion and temperature. Substituting Eq. (12) into the linearized
version of Eqs. (9) and (10) and integrating the above equation
with respect to X in 0; 2ppac
h i
and also with respect to Z in [0,1],
we obtain a set of homogeneous equations in W0 and H0.











The scaled thermal Rayleigh number rE is the eigenvalue of the
problem that throws light on the stability or otherwise of the
system.A, B and C for different values of Da1 and RI .
inzburg-Landau equations for thermal convection in a high-porosity med-
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ways:
(i) stationary convection or
(ii) oscillatory convection.
The critical value of RE, i.e., REc signifies the onset of convection
via one of the above modes. REc of stationary is generally different
from REc of oscillatory. If REc of stationary convection is less than
that of oscillatory convection, then we say the principle of
exchange of stabilities (PES) is valid. We nowmove over to the dis-
cussion on the stationary instability followed by that on the valid-
ity or otherwise of the PES.4. Marginal stationary state
If r in Eq. (12) is real, then the marginal stationary instability
occurs when r ¼ 0. This gives the stationary thermal Rayleigh
number in the form
rSE ¼ 1: ð15Þ
The critical wave number ac satisfies the equation:
2Kgp4a6c þ p2½Kp2ð1þ 2gÞ þ ðgDa1 KRIÞa4c




¼ 0: ð16ÞFig. 3. Phase-space plots involving the amplitude
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Taking r ¼ ix (x being the frequency of oscillations) in Eq. (14)
and separating the real and imaginary parts, we obtain the scaled,
oscillatory thermal Rayleigh number, r0E , in the form:
r0E ¼ 1
x2k2
Pr Kk4 þ Da1k21
 
k22  RI
 þ ixN; ð17Þ
where
N ¼
k2 k22  RI
 
þ Pr Kk4  Da1k21
 




Since r0E is a real quantity, the imaginary part of Eq. (17) has to
vanish. This gives rise to two possibilities:
(i) x – 0;N ¼ 0 (oscillatory instability) or
(ii) x ¼ 0;N – 0 (stationary instability).
Taking N = 0, we get k2ðk22  RIÞ þ PrðKk4 þ Da1k21Þ ¼ 0, which
is independent of x. In problems wherein oscillatory convection
is also possible, the condition N ¼ 0 leads to an expression for x2
that is in turn substituted in the real part of the expression for
r0E , thereby yielding the scaled, oscillatory thermal Rayleigh num-
ber. In view of the fact that N is independent of x, we infer thats A, B and C for different values of K and RI .
inzburg-Landau equations for thermal convection in a high-porosity med-
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essentially means that the PES holds good for the problem at hand.
The linear theory discussed in the previous section reveals that
stationary convection is the only possible mode of instability and
that oscillatory mode can be discounted. The linear theory predicts
only the condition for the onset of convection and is silent about
the heat transport. We now embark on a weakly non-linear analy-
sis by means of a truncated representation of Fourier series for
velocity and temperature fields to find the effect of various param-
eters on finite amplitude convection and to know the amount of
heat transfer. Specifically we consider the most minimal mode
for studying nonlinear instability. We note that the results
obtained from such an analysis can serve as starting values while
solving a more general nonlinear convection problem.
6. Local non-linear stability theory
The first effect of nonlinearity is to distort the temperature field
through the interaction of W and H. The distortion of temperature
field will correspond to a change in the horizontal mean, i.e., a
component of the form sinð2pzÞ will be generated. Thus a minimal
double Fourier series which describes the finite amplitude convec-
tion in a porous medium is

















ð18ÞFig. 4. Phase-space plots involving the amplitude
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amplitudes of temperature to be determined from the dynamics
of the system. Substituting Eq. (18) into Eqs. (9) and (10) and
following standard orthogonalization procedure for the Galerkin
expansion, we obtain the following nonlinear autonomous system
(generalized Lorenz model, [38]) of differential equations:
_A ¼ aPrðB AÞ; ð19Þ
_B ¼ k2ð1 RIk22 Þ½rEA B AC; ð20Þ
_C ¼ k2ð1 RIk22 Þ½AB bC; ð21Þ
where a ¼ Kþ Da1k21k4; b ¼ ð4p2k22  RIk22 Þð1 RIk22 Þ
1
and the
over dot denotes time derivative with respect to s. It is important to
observe that the nonlinearities in Eqs. (19)–(21) stem from the con-
vective terms in the energy Eq. (3) as in the classical Lorenz system
[21].
More models other than minimal ones have not been consid-
ered in the study in view of the observation by Siddheshwar and
Titus [35] that additional modes do not significantly alter the
results on onset of convection as well as heat transport.
7. Steady finite-amplitude convection
Having made a qualitative analysis of the linear autonomous
system, we note that the nonlinear system of autonomous differ-
ential Eqs. (19)–(21) is not amenable to analytical treatment fors A, B and C for different values of g and RI .
inzburg-Landau equations for thermal convection in a high-porosity med-
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6 P.G. Siddheshwar, R.K. Vanishree / Ain Shams Engineering Journal xxx (2016) xxx–xxxthe general time-dependent variables and we need to solve it by
means of a numerical method. However, in the case of steady
motions, these equations can be solved in closed form. Such solu-
tions prove very useful because they may show that a finite ampli-
tude steady solution to the system is possible for marginal
stability. Thus in the case of steady motions, Eqs. (19)–(21) take
the form
aPrAþ aPrB ¼ 0; ð22Þ
rEA B AC ¼ 0; ð23Þ
AB bC ¼ 0: ð24Þ









; C ¼ rE  1 ð25Þ
We take the positive sign in front of the square root in Eq. (25)
on the ground that the amplitude of the stream function is real.
8. Heat transport
The horizontally-averaged Nusselt number, Nu, for the station-















: ð26ÞFig. 5. Phase-space plots involving the amplitude
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we get




The second term on the right side of Eq. (27) characterizes the
convective contribution to the heat transport. To quantify the Nus-
selt number we need to know CðsÞ and hence there is a need to
solve the Lorenz system Eqs. (19)–(21). Alternately we may write
BðsÞ and CðsÞ in terms of AðsÞ and arrive at the Ginzburg-Landau
model. This is done in the succeeding section.
9. The Ginzburg-Landau equation from the Lorenz model
From Eqs. (19) and (20), we have










Using Eq. (28) in Eq. (29), we get
C ¼ 1
A
½D1A D2 _A D3€A; ð30Þs A, B and C for different values of  and RI .
inzburg-Landau equations for thermal convection in a high-porosity med-
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D1 ¼ rE  1;D2 ¼ ½aPr1 þ k2 k22  RI
 1
and
D3 ¼ k2 aPr k22  RI
 h i1
.
Substituting Eqs. (28) and (30) in Eq. (21) we get a third order
equation in A.
D2 _A2 þ D3 _A€A D2A€A D3A A
v
¼ k2ð1 RIk2 2½ðaPrÞ1A3 _A
þ A4  bD1A2 þ bD2 _Aþ D3€A; ð31Þ















¼ bD1A A3: ð32Þ
Eq. (32) is obviously the Ginzburg-Landau model for non-linear
convection in a Newtonian fluid-saturated anisotropic porous
medium with heat source. Substituting Eq. (32) in Eq. (30), we



























where A(0) is the initial amplitude. It is apparent from the above
that Eq. (27) is an analytical expression for the Nusselt number with
CðsÞ given by Eq. (33).Fig. 6. Plot of Nu versus s for heat source and sink for different values of: (a) Da1 for fixe
K;  and Da1.
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Heat transport by thermal convection in a porous medium with
heat source(sink) is investigated using aminimal Fourier series. The
controlling parameter is the external Rayleigh number, RE, which is
influenced by the heat source(sink) parameter, RI , (internal Rayleigh
number). These two Rayleigh numbers arise in the study due to
external heating ðREÞ and internal heat generation ðRIÞ. In view of
the fact that we intend to study buoyancy induced convection, we
assume that RI is small enough not to induce convection by itself.
Hence we have assumed small positive values of RI to represent a
heat source and small negative values of RI for a heat sink so that
it only influences in a weak sense, the critical value of RE. Onset of
convection and heat transport are also influenced by inverse Darcy
number, Da1, Brinkman number, K, and mechanical and thermal
anisotropy parameters e and g. Da1 represents the structure of
the porous medium, e and g represent the differential packing of
the spherical particles in the horizontal and vertical directions. It
is the mechanical anisotropy that leads to thermal anisotropy. The
porous medium under consideration is a sparsely packed one and
hence we assume Da1 to take the values from 1 to 1000. The quan-
tityK can assume a range of values that are greater than, equal to or
less than 1 (see Givler and Altobelli [11]), and e and g are assumed to
take values in a neighbourhood involving unity. The values of e and
g greater than 1 would indicate that the horizontal medium or fluid
properties are relatively greater than their vertical counterparts.
PES is valid and hence stationary convection is the preferred mode.
It is in this sense that slow time scale is considered. Theoretical
analysis shows that subcritical instability is possible which thus
discounts supercritical instability (see Fig.1).
The minimal representation of Fourier series gave us the Lorenz
model for high-porosity media using which we arrived at the
Ginzburg-Landau Eq. (32) of the problem. This equation is a Ber-d K;  and g, (b) K for fixed ;g and Da1, (c)  for fixed K;g and Da1, (d) g for fixed
inzburg-Landau equations for thermal convection in a high-porosity med-
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Table 1




2 þ Da1 Type of convection (Isotropic medium) Rac D2 D3
k2 k2 Da1 Bénard–Darcy
(i) With heat source















k2 k2 k2 Bénard–Rayleigh
(i) With heat source














k2 k2 k2 þ Q Bénard–Chandrasekhar
(i) With heat source
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Starting from an assumed initial amplitude A(0) we can obtain
the amplitude AðsÞ and thereby the other amplitudes BðsÞ and
CðsÞ. The amplitude CðsÞ is then used to quantify the heat transport
in terms of the Nusselt number, Nu. The results of extensive com-
putation are shown in Figs. 2–6. Figs. 2–5 are the phase-space plots
involving the amplitudes A, B and C for different values of
RI;Da
1;g;  and K. Fig. 6 is a plot of the Nusselt number versus
time, s for various parameters’ values.
Fig. 2 is the phase space plot for different values of Da1 and RI .
The effect of Da1 for both RI > 0 and RI < 0 is to open out the tra-
jectories and move towards the edge of finite bounds of the
trajectories.
The effect of g on the trajectories is depicted in Fig. 3. It is seen
that the effect of g for both RI > 0 and RI < 0 is to move trajectories
towards the critical points.
From Fig. 4 it is observed that the effect of  in the presence of a
heat source is to move the trajectories inwards and towards the
critical points where as for a sink the trajectories move away from
the critical points.
The effect of K on the trajectories in the presence of both heat
source and sink is to move the trajectories closer to the critical
points.
From Figs. 2–5, it can be seen that the trajectories move out or
away from the critical points for RI > 0 (source) due to gain in the
energy and close in for RI < 0 (sink) due to removal of energy.
From Fig. 6 it is clear that heat source ðRI > 0Þ enhances the heat
transport and heat sink ðRI < 0Þ diminishes it. The effect of increas-
ing the value of the inverse Darcy number, Da1, in the case of both
heat source and heat sink, is to augment the heat transport.
From Fig. 6(a) it is also clear that Da1 enhances the heat trans-
port in the range Da1 ¼ 1 to 100. But as Da1 increases further (ie.,
say Da1 ¼ 1000), heat transfer diminishes initially and after a
short time it increases. Fig. 6(b) is a plot of Nu versus s for different
values of K. The effects of e and g on Nu is opposite to each other
which is seen in Fig. 6(c) and (d).
Several limiting cases are obtained from the present study and
these are indicated in Table 1. In the absence of heat source we get
the results of the classical Bénard-Darcy, Bénard-Rayleigh and
Bénard-Chandrasekhar problems (reported in Siddheshwar et al.
[31]).11. Conclusions
 It is advantageous to use Ginzburg Landau equation as it facili-
tates an exact representation for the amplitudes as well as Nus-
selt number, Nu.
 The general formulation of the Brinkman-Bénard problem cov-
ers Bénard-Darcy, Bénard-Rayleigh and Bénard-Chandrasekhar
convection problems, as limiting cases (see Table 1).Please cite this article in press as: Siddheshwar PG, Vanishree RK. Lorenz and G
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